A h t m c t -This paper identifies procedures for selecting the appropriate admittance to achieve reliable planar force-guided assembly for single-point frictional contact eases. A set of conditions that are imposed on the admittance matrix is presented. These conditions ensure that the motion that results from contact reduces part misalignment. We show that, for bounded misalignments, if an admittance satisfies the misalignment-reduction conditions at a finite number of contact configurations and a given coefflcient of friction W M , then the admittance will also ensure that the conditions are satisfied at all intermediate configurations for all coefficients less than PM.
I. INTRODUCTION
Admittance control has been used in assembly tasks to provide force regulation and force guidance. In robotic assembly tasks, the admittance maps contact forces into changes in the velocity of the body held by the manipulator. To achieve reliable assembly, the manipulator admittance must he appropriate for the particular assembly task. In this paper, we identify procedures used to select the appropriate manipulator admittance for planar assembly with friction.
We consider a simple form of admittance, a linear admittance control law. For planar applications, this admittance behavior has the form:
where vg is the nominal twist (a 3-vector for planar cases), w is the contact wrench (force and torque) measured in the body frame (a 3-vector), and A is the admittance matrix (a 3 x 3 matrix).
Many researchers have addressed the use of admittance for forceguidance. Whitney [l], [Z] proposed that the compliance of a manipulator he structured so that contact forces lead to decreasing errors. Peshkin [3] addressed the synthesis of an accommodation (inverse damping) matrix using least squared optimization. Asada [4] used a similar unconstrained optirnization procedure for the design of an accommodation neural network. A reliable admittance selection approach is to design the control law so that, at each possible part misalignment, the contact force always leads to a motion that reduces the existing misalignmcnt. The approach is referred to as force-assembly and has been successful for workpart into fixture insertion when errors are infinitesimal [5], [6], [7] .
For force-assembly, the motion resulting from contact n u s t instantaneously reduce misalignment. Since the configuration space of a rigid body is nonEuclidian, there is no "natural" metric for finite spatial error. In [SI, several body-specific m e t n c s are estahlished. One metric is based on the Euclidean distance between a singlc point on the body and its location when properly positioned.
Previously, we have considered sufficient conditions on the admittance to ensure planar force-assembly in fnctionless single-point contact [9] , [lo] . In the study, we considered a measure of error based on the Euclidean distance between a single (fixed) point on the held body and its location when properly positioned, The misalignment reduction condition of forceassembly requires that, at each possible misalignment, the contact force yields a motion that reduces the misalignment. Using the point-based measure of misalignment discussed above, this condition can he expressed mathematically if we let d (a 3-vector for planar motion) be the line'vector from the selected point at its proper mated position to its current position. Then, for error reducing motion, the condition is:
which must he satisfied for all possible misalignments.
In this paper, we investigate single-point fnctional contact using the same error measure. We show that, by identifying an admittance matrix that satisfies the error-reduction conditions at a finite number of extremal contact configurations and at a specified coefficient of friction, the error reduction requirements are also satisfied for all intermediate configurations and for all coefficients of friction less than the one specified. The friction model considered is "hard" point contact satisfying Coulomb's law [ll] .
Planar bodies in single-point contact have two types of stable contact states. One is referred to as "vertexedge" contact ({we} , Fig. la) ; the other is referred to In this paper, the motion of a rigid body constrained hy a frictional contact is derived in Section 11. Sufficient conditions for error reduction for vertex-edge and edge-vertex contact states are obtained in Section I11
and Section IV, respectively. These conditions show that an admittance matrix satisfying the error reduction conditions at the boundaries of a set of contact confignrations and the coefficients of friction, also satisfies the error-reduction conditions at all intermediate configurations for all intermediate coefficients of friction. A brief summary is presented in Section V.
MOTION OF A RIGID BODY CONSTRAINED BY A FRICTIONAL CONTACT
In this section, the planar motion a rigid body constrained by a single frictional surface is studied. First, the constrained compliant motion equation for frictional contact is derived. Then, the error-reduction function. describing the appropriate motion response in terms of the constraint and the admittance, is obtained.
A . Motaon of a Constrained Rigid Body
Consider a rigid body interacting with a frictional surface as shown in Fig. (1) . Let n (unit 2-vector) be the surface normal (pointing toward the held body) and let t b (unit 2-vector) he the unit vector tangent to the surface at the contact point. Then, the direction of friction t must he along t b , i.e., t = i t b .
The unit wrenches associated with the normal force and the friction force have the form:
where r is the position vector from the origin of the coordinate frame to the point of contact, c, and k is the unit vector orthogonal to the plane.
Let 4 be the magnitude of the normal contact force.
Since we only consider sliding motion, the overall contact wrench is:
where p is the coefficient of friction.
By the control law (l), the motion of the body is:
Due to "hard" point contact, the motion of the rigid body cannot penetrate the surface. Thus, the reciprocal condition [12] must be satisfied: 
B. Error-Reduction Function
If the compliant motion is error-reducing, condition (2) must he satisfied for a given point. Thus,
To avoid singularity in (7), the denominator must have no root over the range considered. Since A is positive definite, wTAw, > 0, the denominator is positive for p = 0. Thus, we assume that, for p E [0, p~] , the inequality (9) T w,Aw, + pwTAwt > 0 is satisfied. can he expressed as:
Therefore, the error-reduction function
F,,=dT(vow~-vOTwnI)A(~,+pwt). (10)
In the following two sections, error-reduction conditions are obtained for the two singlepoint contact states. 
VERTEX-EDGE CONTACT STATE
In this section, vertex-edge contact is considered. As shown in Fig. la , the configuration of the body can he determined by the orientation of the body 0 and the location of the contact point S.
Suppose 
A . Orientational Variation
Consider only orientation variation as illustrated in Fig. 2a . In this case, both the direction of the error reduction vector d and the direction of the contact wrench w (in the body frame) are changed by changing the Orientation. We prove that, for variation OM 5 2, if A satisfies a set of conditions at orientation 0 = 0, then an error-reducing motion is ensured for all con-
A.l Error Reduction Function
Let WO be the contact wrench, and do be the POsition vector associated with 0 = 0. Suppose that at 0 = 0, error-reducing motion is obtained, i.e., doTvo+doTAwO < 0. where r is the position vector from the origin of the body frame to the contact point (constant).
Since all configuration? considered correspond to pure rotation about the contact point, the position vector of B for an intermediate configuration can be expressed in the body frame as:
where db is the position vector from Bh to the contact point c, d' is the position vector from c to point B1. Note that db is a constant in the global frame and d' is constant in the body frame. Then, the line vector of B relative to its properly mated position Bh (expressed in the body frame) is obtained:
where rg is the vector from the body frame origin to point B.
Since de, w, and wt each involve first order terms in sin 0 and cos 0, the error-reduction function (10) 
ensured by these inequalities.
It can be seen that for any 0 4 0 5 8h.1,
B. Tkanslational Variation
Now consider the translational variation of the con-F(@)l,=o 5 Fa+(8). 
F;,(0)
= e + e -s i n 8 .
tact configuration illustrated in Fig. 2b . In this case, only translation along the edge is allowed, and the contact force does not change in the body frame. The configuration of the body can be determined by a vector d (Fig. 2b) . Suppose that, at the two extremal configurations characterized by dl and d2, the error reduction conditions are satisfied: w h e r e a , p > O a n d a + p = l .
Since the contact wrench w is the same in the body frame for all contact configurations, w = w1 = w2. Substituting (37) into (36) yields:
Thus, for translational variation, if at two configurations the error reduction condition is satisfied, then the error reduction condition must be satisfied for all intermediate configurations bounded by these two configurations.
It is noted that the contact wrench wz's in (34) and (35) (27) and (30)- (32) for p = 0 and p = p~, then the admittance will satisfy the error reduction condition for all configurations bounded by the four configura-
Therefore, for an edge-vertex contact state, to ensure that the motion response due to contact is error reducing for all configurations considered, function values at only two configuration extremals and two ccefficients of friction need be tested.
IV. EDGE-VERTEX CONTACT STATE
Consider "edge-vertex" contact. As shown in Fig.  lh , the configuration of the body can be detcrmined by two parameters, (6, 9) .
Suppose that 9 varies within the range of [-HM, HMI, and 6 varies within the range of [ -6 h . 1 , 6~] . We prove that, if an admittance matrix A satisfies a set of conditions at the "boundary" points for @ = 0 and p~, then the A matrix ensures error-reducing motion for
and In this case, the error-reduction function does not linearly depend on the configuration parameter 9 or 6 when considering either orientational or translational variation separately. As a consequence, a somewhat more complicated evaluation is used in which the orientational and translational variation are considered simultaneously. 
A . Error-Reduction Function
In order to obtain the error-reduction function, we first express the contact wrench and the error-measure vector d in terms of 6 and H.
For an edge-vertex contact state, as shown in Fig.  3a , when the held body rotates relative to the fixtured body about the contact point, the description of the contact wrench does not change in a body-based coordinate frame. When the held body translates relative to the fmtured body, the description of the contact wrench changes in a body-based coordinate frame as the contact point changes (although its direction is constant). Thus, the contact force is a function involving only the translational variable 6.
As shown in Fig. 3b , in the body frame, the direction of the surface normal is constant while the position vector of the contact point, r, varies. For an arbitrary 6, r can be expressed as:
where ro is a vector from the body frame to a center point of the edge (constant) and re is the unit vector along the edge. By (3), the unit wrench corresponding to the surface normal and friction are:
It can be seen that in the body frame, the directions of wn and wYt are constant while the last components (the moment terms) are linear functions of 6. 
where R is the rotation matrix having the form of (13).
The line vector associated with d'(6,0) can be calculated:
where 1 ' 8 is the position vector from the body frame origin to point E . 
Also note that, p appears in the coefficients of wt. Therefore, the coefficients ai and bi have the form:
where p ; , p : , qi and y; are functions of the admittance A.
B. Suficient Conditions for Error-Reduction
The error-reduction condition requires that the error-reduction function in (43) must be negative in the range of configurations considered. In order to obtain sufficient conditions, we construct two functions Thus, for an edg&vertex contact state, to ensure that contact yields error-reducing motion for the body, only four configuration extremals at two extremal coefficients of friction need be tested.
V. SUMMARY
In this paper, the error reduction condition for a single point on the held body in frictional contact is considered. We have presented an approach for admittance selection of a planar rigid body motion for force-guided assembly with friction. We have shown that, for one point contact cases, the admittance control law can be selected based on their behavior at a finzte number of configurations and at two extremal coefficients of friction of the contact. If the error reduction conditions are satisfied at these configurations with these two coefficients of friction, error reduction will be satisfied for all intermediate Configurations and all intermediate coefficients of friction. Thus, for a given set of hounded misalignments, a single admittance control law that satisfies these conditions guarantees the proper assembly of a given pair of mating parts.
